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ON BOUNDED SYMMETRIC DOMAINS 
by Max Koecher 
$1, Let Do be a finite dimensional real vector space and let be its 
complexification. The vector spaces Bo and 93 are equipped with the naturaI 
topologies. 
Let D be anon empty open subset of D .  The algebra that is given by the 
vector space of all holomorphic mappings h:D + D together with the 
product (h, k) 4 [ h ,  k] defined by 
will be denoted by HolD . Then HolD is a (infinite dimensional) complex 
Lie algebra. 
Suppose that f:D + D' is a biholomorphic map where D and D' are 
non empty open subsets of 8. Then we define a map Vf: HolD 4 HolD' 
by 
Hence Vf is an isomorphism of the Lie algebras. 
Denote by BihD the group of all biholomorphic mappings of D onto 
itself. One observes that 
V: BihD +AutHolD, f +vf, 
becomes a monomorphism of the groups. 
Let Pol23 be the vector space of all  polynomial mappings p: D 4 %. 
Then Pol23 becomes a subalgebra of the Lie algebra HolD and one can 
prove that Pol% is a simple Lie algebra. 
We are going to state some results about 
(i) a one-to-one correspondence between bounded symmetric domains D 
and a certain class of subalgebras of Po1D ; 
(ii) an explicit description of all bounded symmetric domains by means 
of some algebraic pairings of real vector spaces. 
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Furthermore, detailed information about the group BihD can be ob- 
tained. (For the proofs and more details see: M. Koecher, An elementary 
approach to bounded symmetric domains, Lecture notes, Rice University, 
Houston, Texas, 1969). 
$2. Let 2B be a vector space of finite dimension over an arbitrary field. 
We consider a bilinear map O :  'D x 93 -+ End%$ (a ,  b) -, a b ,  and 
denote by Z the subspace of End2B spanned by a b where a ,  b em. 
Suppose that 
(P.l) the trace form a given by a(a, b) = trace(a [ll b + b n  a)  is non 
degenerate. 
Then the adjoint of TE  Endm with respect to o is denoted by T" . Suppose 
further 
(p.3) [T,aOb] = T a n b -  a O T m b  where T E ~ ,  
A map 0: 2B x 2B + End5U3 satisfying the conditions (P.1) to (P.4) is 
called a pairing of m. If 2B is a real vector space and if the trace form a 
is positive definite then the pairing is said to  be positive definite. 
$3. Suppose now that 0: 8, x 23, + EndB, is a positive definite 
pairing. Then q can be extended to  a pairing of B and of BR where BR 
means the set B considered as a vector space over R .  The spaces spanned 
by the pairings are denoted by Z,, Z and SR. Moreover, the map 
(a,b) a(a,6) becomes liermitian positive definite. For T € E n d B  we 
write T > 0 whenever T* = T and a(Ta, d )  > 0 for 0 f a E 9. 
The pairing 0:23 x B -+ EndB induces a subsetQ of PoIB as follows: 
We identify the endomorphisms of B and the homogeneous linear poly- 
nomials of Po1B and we define the homogeneous polynomials p, of degree 
two by pb(z) = ( z n  b)z where b E %. Then the subspace 
becomes a subalgebra of the Lie algebra ( ~ 0 1 2 3 ) ~  
Theorem 1. The real Lie algebra XI is semisimple. 
Writing the elements of 52 as q = a + T + pb, a ,  b E BR and T E Z we 
define a linear transformation O of XI by 
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A verification shows that 0 is an automorphism of Q of period 2. Further- 
-- 
more define ? by q(z) = q(Z) and 0, by 
@ , ( a + T + p , ) =  - a + T - p b .  
FinalIy put 
O,q = 0 4 ,  0 - q  = OoO+q,  q € Q .  
By a verification we see that 0, and 0, are again automorphisms of LI 
of period 2 .  
We are interested in the group Au tD  and its subgroups 
Clearly, these groups are real linear algebraic groups. 
Theorem 2. a) Aut(Q,O+) and Aut(Q,O_) are seinisiinple and 
Aut(D,O-) is maximal conzpact in AutQ. 
b) T h e  cotnplexijications of the Lie  algebras of Aut(Q,O+) and of 
Aut(Q, 0 - )  are both isomorphic t o n  (considered as cornplex Lie algebra). 
94. For a ,  b E 23 we define a linear transformation B(a, b )  of Zj by 
An observation yields [B(a,b) ls  = ~ ( 6 , d ) .  Let Z = 2, be the connected 
component containing 0 of the set of z in 23 such that B(z,  -2) > 0. 
Theorem 3. a) Z i s  a bounded symrnetric domain. 
b) There exists a subgroup G of BihZ such that f -+VJ becomes an 
isornorphism of G onto the identity component of Aut(Q,O,). 
c) G acts traizsitively on Z and the index of G iiz BihZ isjinite. 
d) T h e  subgroup of G thatf ixes 0 is  linear. 
e) T h e  elements of BihZ are birational. 
The linear transformation B(a,  b )  can be used for an explicit construction 
of the elements of Bih 2 .  Furthermore the Bergman kernel K of Z is given 
by 
~ ( z )  = [det B ( z ,  - ?)]-I . 
Finally one obtains all bounded symmetric domains by this construction: 
Theorem 4. Let D be a bounded symmetric domain in tlze cornplex 
vector space 23. Then  there exists a real form 3, of 3 and a positive 
definite pairing U: B0 x 3, -+ EndB, such that D and Z, are biholo- 
morphically equivalent. 
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